Introduction
We examine an untitled partial manuscript published on pages 262-265 with the Narosa edition of Ramanujan's lost notebook [3] . At the top of page 262 are two appended notes. The first, possibly in the handwriting of G.H. Hardy's former research student, Gertrude Stanley, reads (in part) "Paper a little difficult to understand after the first page." The second, definitely in the handwriting of Hardy, surmises "Odd problem. I don't profess to know whether there's much to it." On these aforementioned pages, Ramanujan considers the problem of approximating a certain quadratic irrational by rational numbers n/m for a fixed but arbitrary positive integer m, 1 ≤ m ≤ ∞. We do not know what motivated Ramanujan to consider this particular problem, which we describe in the next two sections. Nonetheless, the analysis is appealing and intriguing phenomena arise, especially in regard to the periodicity of approximations in Section 3. Indented passages below are quoted from Ramanujan's partial manuscript.
A Diophantine Problem
Let us consider the maximum of
where m is a positive proper fraction and m and m m are positive integers. Let v m be the maximum of (2.1). If we do not assume that m m is rational, we get that
Here, as a positive proper fraction, Ramanujan intends m to be a rational number (not necessarily in lowest terms) with denominator m. If
then it is easily checked that its critical points are (3 ± √ 3)/6. Since f (x) = −6 + 12x, we easily find that (3 + √ 3)/6 yields a local minimum and (3 − √ 3)/6 yields a local maximum. Ramanujan desires to approximate (3 − √ 3)/6 by a rational number m with denominator not exceeding m. He then wants to calculate the corresponding value f ( m ) =: v m .
We again record what Ramanujan has written. Now let
be an integer where is a positive proper fraction. Then we see from (2.2) that m is either
In contrast to Ramanujan's first use of the term, positive proper fraction, is not rational but necessarily irrational, if m is to be rational as required. Thus, is a positive (necessarily irrational) number, 0 < < 1, chosen so that the two values in (2.3) give the best two rational approximations to (3 − √ 3)/6 with denominator m. In the first instance of (2.3), the approximation is from below, while in the second instance, the approximation is from above.
Ramanujan then claims that if
and if
With the use of (2.1), both of these calculations are straightforward. We note that by replacing by − 1 in the value of v m in (2.4), we obtain the value of v m in (2.5)
Ramanujan then determines which of the two values of v m given in (2.4) and (2.5) is the larger. An elementary calculation shows that
if and only if 6 2 + (2m
7) It is easily checked that the roots of 6 2 + (2m
Thus, (2.6) is true if and only if r 2 < < r 1 . Since the root that we seek is r 1 , in conclusion, we see that: Now, if
Thus, if
we conclude that
We also note that for those values of m for which
by (2.10), we can choose either one from (2.3) for m . Thus,
We remark that, by (2.3) and (2.12), we do not need greatest integer functions in (2.13). Hence, the formula in (2.11) is valid for all values of m, and in particular, we have alternate choices for m in the case of (2.12). Therefore, we use (2.11) to calculate m . We then return to (2.1) to determine v m . Ramanujan concludes page 262 with a table of the first ten values of m : At the top of page 263, Ramanujan remarks that, by (2.4) and (2.5) (to which one might also add (2.8) and (2.9)), the order of v m is minimum when
that is the minimum order of
and the corresponding value of
Note that the corresponding minimum order of v m can be determined from either (2.4) or (2.5). Several remarks need to be made. Ramanujan does not define what he means by order. In his papers and notebooks, Ramanujan uses this word to mean "relative size" or "approximation" (for possibly large values of a parameter) or to describe how a certain function grows, with increasing n, say. See, for example [1] , [2, pp. 78-128].
As increases, the value of v m in (2.4) decreases and the value of v m in (2.5) increases. Thus, the smallest possible value of v m is obtained when
But, if we recall the definition of , the value of is chosen so that 0 < < As mentioned earlier, Ramanujan did not define the maximum order of v m . Thus, it is not obvious why he only considered as small as possible. However, we emphasize that the value in (2.19) is very useful when we examine the periodicity of v m in the next section. This concludes the first section of Ramanujan's partial manuscript.
The Periodicity of v m
We quote Ramanujan from the first portion of his second and last section. From the table we find that
which suggests the question: How to determine the maximum value of k in order that 
5) It can also be shown that, if 3m 2 + 6 is a perfect square, then
The actual value of k can be got from (2.11) and (2.16). Thus
We note that 5 from (3.1) is the smallest value of m for which the value in (2.19) is a rational with denominator m. The table to which Ramanujan refers is a table of the first 50 values of v m , which is given at the end of his partial manuscript and which is also given at the end of the present paper. The periodicity of values given in ( We first examine the following two functions. For x > 1,
12 .
An elementary calculation shows that
Thus, f 1 (x) is monotonically decreasing and f 2 (x) is monotonically increasing. Also, we see that
Now, we first verify (3.3) and (3.5). We can see that Ramanujan only considered those values of m for which
as in (2.19) . Suppose that we have the sequence
which implies that
In fact, Ramanujan's equation (3.4) is incorrect. The right-hand side of (3.4) is
while the left-hand side of (3.4), by (3.9), is equal to , as x is negative." We see that we must have
instead. Since m = km , by (2.11) and (3.13),
Since f 2 (x) is monotonically increasing, it follows that x ≥ km, which proves (3.3). Now, we solve (3.13). Let
Then,
Thus, 
